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Functions of Two Variables
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Functions of Two Variables

The Chain Rule for functions of one variable says that if w is a
differentiable function of x and x is a differentiable function of t,
then w is a differentiable function of t and

dw _ dw dx

dt  dx dt’

We now develop the Chain Rule for functions of more than one
variable.
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Functions of Two Variables

Suppose z = f(x,y) is differentiable and x = x(t) and y = y(t)
are differentiable functions of t, then we have the following
theorem.

Theorem

If z = f(x,y) is differentiable and x = x(t), y = y(t) are
differentiable functions of t, then the composition
z = f(x(t),y(t)) is a differentiable function of t and

dz _ Dzdx 0z dy
dt  Oxdt Oydt’
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Examples
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Example 1

Example

Let w = x?> 4+ y?, x =cost +sint, and y = cost — sin t. Express
dw/dt as a function of t, both by using the Chain Rule and by
expressing w in terms of t and differentiating directly with respect
to t.
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Example 1

First, we use the Chain Rule.

dw_ordx  of dy
dt Oxdt Oy dt
= 2x-(cost —sint) + 2y - (—cost —sint)
= 2(cos t + sin t)(cos t — sin t)
+ 2(cos t —sin t)(— cost — sin t)
= 2(cos t + sin t)(cos t — sin t)
— 2(cos t — sin t)(cos t + sin t)
=0.

From this, we see that dw/dt = 0.
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Solution (cont.)

Now we substitute the expressions for x and y into w and then
take the derivative.

w = x>+ y?
= (cost +sint)? + (cost — sin t)?
= (cos® t +2costsint + sin? t)
+ (cos® t — 2 cos tsin t + sin? t)
= 2cos® t + 2sin? t = 2(cos? t +sin’ t) = 2.

From this, we also see that dw/dt = 0.
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Functions of Three Variables

Suppose w = f(x, y, z) is differentiable and x = x(t), y = y(t),
and z = z(t) are differentiable functions of t, then we have the
following theorem.

Theorem

If w = f(x,y,z) is differentiable and x = x(t), y = y(t), z = z(t)
are differentiable functions of t, then the composition
w = f(x(t),y(t),z(t)) is a differentiable function of t and

dw _ O0f dx Ofdy Of dz

dt  Oxdt " Oydt  ozdt
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Example 2

Example

Let w = In(x® + y? + z2), x = cost, y = sint, and z = 4/t.
Express dw/dt as a function of t, both by using the Chain Rule
and by expressing w in terms of t and differentiating directly with
respect to t.
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Example 2

First, we use the Chain Rule.

dw _ Ofdx  Ofdy Of oz
dt  Oxdt Oydt 0Ozdt
2x . 2y
_—X2+y2+22(—smt)+
PR
x2+y? 422

Eiyit 2 (cost)

(2t71/2)

We compute that x? + y? + z2 = 1 + 16t.

Mark Faucette The Chain Rule Fall 2025 12 / 32



Example 2

Solution (cont.)

Substituting x% + y? 4+ z2 = 1 + 16t, we get

dw  2cost , 2sint 2.4/t

= = - t t
ke R e o

16
1416t

(2t71/2)

since the first two terms cancel and in the third term, 1/t and
t~1/2 cancel.

Mark Faucette The Chain Rule Fall 2025 13 / 32



Example 2

Solution (cont.)

Now we substitute the expressions for x, y, and z into w and then
take the derivative.

w = In(x* +y? + Z%)
= In((cos t)? + (sin t)? + (4V/1)?)
= In(1 + 16t).

From this, we see that dw/dt = 16/(1 4 16t).
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Chain Rule for Two Independent Variables
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Chain Rule for Two Independent Variables

Theorem 4.9: Chain Rule for Two Independent Variables

Suppose x = g(u,v), y = h(u, v) are differentiable functions of u
and v, and z = f(x,y) is a differentiable function of x and y.
Then z is a differentiable function of u and v, and

0z _ 0z0x 020y

du OxOu 0Oyodu

and
0z _0z0x  0z0y

dv  OxOv  Odydv’
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The Generalized Chain Rule
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The Generalized Chain Rule

Theorem 4.10: Generalized Chain Rule

Let w = f(x1, x2,...,Xm) be a differentiable function of m
independent variables, and for each i, 1 </ < m, let

xi = xj(t1, to, ..., t,) be a differentiable function of n independent
variables. Then

ow _Owox  Owde | OW Oxm
8tj a oxq atj 0xo 8tj OXm 8tj

forany j, 1 <j<n.
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Implicit Differentiation
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Implicit Differentiation

Suppose the function z(x, y) is differentiable and the equation
z(x,y) = 0 defines y implicitly as a differentiable function of x,

say y = f(x).
Since w = z(x,y) = 0 on the curve y = f(x), we find

o dw _ Dz 0zdy
dx  Oxdx = Oydx
0z 0zdy
T Ox aydx
So,
dy  0z/ox  z
dx  9z/dy z,

Mark Faucette The Chain Rule Fall 2025 20 / 32



Implicit Differentiation

This gives us the following theorem:

Theorem 4.11: Implicit Differentiation of a Function of Two or

More Variables

Suppose the function z = f(x, y) defines y implicitly as a function
y = g(x) of x via the equation f(x,y) = 0. Then

dy _ Of/ox

dx  Of/dy

provide f,(x,y) # 0.

Mark Faucette The Chain Rule Fall 2025 21 /32



Implicit Differentiation

This gives us the following theorem if f is a function of three
variables:

Theorem 4.11: Implicit Differentiation of a Function of Two or

More Variables

If the equation f(x,y,z) = 0 defines z implicitly as a function of x
and y, then

0z _ 0f/Ox an 0z _ 0f/dy

ox  0f)oz dy  0f)0z

provide f;(x, y,z) # 0.
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Examples
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Example 5

Use implicit differentiation to find dy/dx if y? — x?> — sin(xy) = 0.
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Example 5

Here we have F(x,y) = y? — x> — sin(xy). From the last theorem,
we have

dy  Fc  —2x—ycos(xy) 2x -+ ycos(xy)

d« F, 2y —xcos(xy) 2y — xcos(xy)
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Implicit Differentiation

Suppose the function F(x,y, z) is differentiable and the equation
w = F(x,y,z) = 0 defines z implicitly as a differentiable function
of x and y, say z = f(x, y).
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Implicit Differentiation

Since F(x,y,z) =0 on the curve z = f(x,y), we find

_ow 8F8x+8F8y+87F%
 Ox  OxO0x Oy Odx 0z 0x

_ OF 14 oF 04 OF 0z

T ox 8y 0z dx
8F OF 0z
8x 0z Ox
So,
% B _8F/8x B _Q
ox  OF/oz  F,’
Similarly,

9z 9F/ay  F,
oy~ 0Fjoz F,
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Implicit Differentiation

An important result from advanced calculus, called the Implicit
Function Theorem, states the conditions for which our results

0z Fx 0z Fy

ox F, 9y F,
are valid. If the partial derivatives F,, F,, and F; are continuous
throughout an open region R in space containing the point
(x0, Y0, 20), and if for some contstant ¢, F(xo, yo,20) = ¢ and
F,(x0, ¥0,20) # 0, then the equation F(x,y,z) = c defines z
implicitly as a differentiable function of x and y near (xo, yo, 20),
and the partial derivatives of z are given by equations above.
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Example 6

Find 0z/0x and 0z/0y if x3 + z° + ye’? + zcosy = 0, assuming
that F, # 0.
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Example 6

Here we have F(x,y,z) = x3 + z2 + ye*? 4+ zcos y. From the last

theorem, we have

0z  Fx 3x2 + yze®
ox  F,  2z+4xyeZ +cosy
0z Fy e“ — zsiny

dy F,  2z+xye® +cosy’
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Functions of Many Variables

In general, suppose that w = f(x,y,...,v) is a differentiable
function of the intermediate variables x,y, ..., v (a finite set) and
the x,y, ..., v are differentiable functions of the independent
variables p, q, . . . , t (another finite set). Then w is a
differentiable function of the variables p through t, and the partial
derivatives of w with respect to these variables are given by
equations of the form

ow _ Owdx  0Owdy ow Ov
= + =t
6p Ox 8p Oy Op ov 6p
The other equations are obtained by replacing p by q, ..., t, one at
a time.
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Functions of Many Variables

One way to remember this equation is to think of the right-hand
side as the dot product of two vectors with components

owow ow\ L (oxay o
Ox 9y’ 7 Ov op'op’ " op)’
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