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The Exponential Rule
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The Exponential Rule

When we apply the definition of derivative to the function
f(x)=a"fora>0, a#1, we get

df . f(x+h)—Ff(x) . aTh—a
— = lim = lim ——
dx  h—0 h h—0 h
. a¥ah—a (" —-1)
= h = jm, h

h h
a’—1 a’—1

= lim a*- =a" | lim .

Pt h ? <h;0 h >

So, the derivative of a* is some constant times a*.

We note that this constant is f'(0).
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Derivatives of Exponential Functions

We examine the limit

h—0 h
For a = 2, this limit is approximately 0.69.

For a = 3, this limit is approximately 1.10.

It makes sense that for some value between 2 and 3, this limit is 1.
We define e to be this value. So,

Coeh—1
lim =

1.
h—0 h
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Derivatives of Exponential Functions

By our choice of e, we have the following:

Derivative of the Natural Exponential Function

&(e):e.
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Derivative of the Natural Logarithm Function
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Derivative of the Natural Logarithm Function

Suppose y = In(x). Since the natural logarithm and the
exponential functions are inverse functions, we have

x=e.

We take the derivative of this implicitly, treating y as a function of
x. This gives us

Rl N
dXX dxe
dy
1=/ 2
dx

dy
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Derivative of the Natural Logarithm Function

This gives us the following important result:

Derivative of the In(x)

d 1
&IH(X)—;, X>0
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Derivative of the Natural Logarithm Function

We can extend this result using the Chain Rule. If u is a
differentiable function of x, then

Derivative of the In(u)

d 1du
aln(u)—za, u> 0.
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Examples

Mark Faucette UWG 11/46



Example 3

Find dy/dx.
1
Y = inax
y = In(sin x)
y =xIny/x
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Example 3

dy 0-ln3x-1-5-3 -1

dx (In 3x) ~ x(In3x)?"

dy 1
— = —— - COS X = cotx.

dx sinx

dy =y 1
o~ DInVx+x \/_ X T =h(Vx)+ 5.
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Example 4

Find the derivative of

y = (x%Inx)%.
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Example 4

We take the derivative using the Power Rule, the Chain Rule, and
the Product Rule.

Y a2 3 2 1
&—4(X In x) -[2x|nx+x "
= 4(x%Inx)3 (2xInx + x)

= 4x(x*Inx)3(2Inx +1).
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Derivative of a“ and log,(u)
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Derivative of a“ and log, u

Suppose y = a*. Then In(y) = In(a¥) = xIn a, by the Power Rule
for logarithms. Raising e to this power gives

y = elny _ exlna‘

Taking the derivative using the Chain Rule, we get

dy_ xIna d
2 € dX(xIna)

— exlna‘ Ina

=a"Ina.
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Derivative of a“ and log,(u)

This gives us the following important result:

Derivative of a*

d
—a*=3"Ilna, x>0.
dx
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Derivative of a“ and log,(u)

We can extend this result using the Chain Rule:

Derivative of a“

If uis a differentiable function of x, then a¥ is a differentiable
function of x wherever u > 0, and

d , du
aa —a Ina-a.
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Derivative of a“ and log, u

Suppose y = log, x. Then a¥ = x since log, x and a* are inverse
functions. Taking the derivative of a¥ = x, treating y as a
differentiable function of x, we get

d,_4d.
dx~  dx
dy
Yina- — =1
a’lna I
ﬂ_ 1
dx a’lna
1
~ xlna’
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Derivative of a“ and log,(u)

This gives us the following important result:

Derivative of log, x

d—lo X = 1
o gaX =

I3’ x > 0.
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Derivative of a“ and log, u

We can extend this result using the Chain Rule:

Derivative of log, u

If uis a differentiable function of x, then log, u is a differentiable
function of x wherever v > 0, and
d 1 du

~ o — el
dx 8atl ulna dx
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Example
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Example 5

Find dy/dx.
my=2"
y = logy x + log, x2
y = 3|og2X
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Solution
dy/dx =2%In2
d)’/dxzﬁ-l-wlleX:ﬁ
1 3loe2x|n 3
xIn2 ~ xIn2

dy/dx = 3'°82%|n3.
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Logarithmic Differentiation
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Logarithmic Differentiation

The derivatives of positive functions given by formulas that involve
products, quotients, and powers can often be found more quickly if
we take the natural logarithm of both sides before differentiating.
This enables us to use the laws of logarithms to simplify the
formulas before differentiating. The process, called logarithmic
differentiation.
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Example
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Example 6

Use logarithmic differentiation to find the derivative of dy/dx if
y =@+ D(x - 1.
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We start by taking the natural logarithm of both sides of the
equation and using the rules of logarithms:

ny = In (\/(x2 F1)(x— 1)2> - %In [ + 1)(x — 1)7]
[In(x* + 1) + In ((x — 1)?)]

[In(x* + 1) + 2In (x — 1)]

I\)Il—‘l\.)ll—*l\.)ll—‘

In(x* +1) +In(x —1).
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Example 6

Now, take the derivative implicitly with respect to x:

1
Iny=§In(x2+1)+|n(x—1)
1dy 1 1 1

i )+
ydx 2 x2+1 i )+ -1

X o 1

x2+1 x-—-1
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Example 6

; . . d
Finally, multiply both sides by y to solve for d—i.

1dy X 1
i A S T
ydx x24+1 x-1

d 1
ol

dx x2+1 x-—-1
X 1
= /(x2 + 1)(x — 1)?
\/(X+ )x )[x2+1+x—1]
:M+ X2+1.
x2+1

Mark Faucette UWG 32/46



Irrational Exponents and the Power Rule (General
Version)
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Irrational Exponents and the Power Rule (General Version)

If we want to define what it means to take a real number x > 0 to
any real power n, we certainly want In(x") = nInx. This motivates
the following definition.

Definition

For any x > 0 and for any real number n,

XN — enlnx'
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General Power Rule for Derivatives

General Power Rule for Derivatives

For any x > 0 and for any real number n,

d

" n—1
dx

= nx

If x <0, then the formula holds whenever the derivative, x", and

x"1 exist.
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General Power Rule for Derivatives

If nis any real number, then x" = e"'"¥, by definition. Taking the
derivative with respect to x, we get

d n __ d nlinx
—_— X = —
dx dx
_ enlnx. 2
n
— Xn . —
X
= nx" 1.
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Example
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Example 7

Use logarithmic differentiation to find the derivative of
xVx2+1

y:—(x+1)2/3.
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We start by taking the natural logarithm of both sides of the
equation and using the rules fo logarithms:

(X\/X2-|—1>
Iny =In

(x +1)%/3

=In(x) + % In(x? 4+ 1) — g In(x + 1).
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Example 7

Now, take the derivative implicitly with respect to x:

Iny = In(x) + % In(x + 1) — g In(x + 1)

1dy 1 1 1 2 1
— 7 - — S I2X — — -
ydx x 2 x2+1 3 x+1
1 X 2
=- 4 =
x x?241 3(x+1)
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Example 7

} . . d
Finally, multiply both sides by y to solve for d—i.

ldy 1 X 2

)_/&:x+x2+1_3(x+1)

1 2
y[x+x2+1 3(X+1)}
xVxZ+1 x 2
T (x+1)23 [§+ x2+1 3(x+ 1)]
Vx2+1 x? 2xvV/x2 + 1
TP 1 12PR 1 xR
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The Number e Expressed as a Limit
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The Number e Expressed as a Limit

Earlier in the course, we defined e to be the number so that

Coeh—1
lim

=1.
h—0 h

We also noted then that e is between 2 and 3.
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The Number e Expressed as a Limit

The number e can be calculated as the limit

e = lim(1+ x)¥~.
x—0
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Proof.
If f(x) = Inx, then f'(x) = %, so f/(1) = 1. By the definition of

= ;’
the derivative

F(1+x) — £(1)

/ T
L) = >I<T>10 X
— lim In(1+ x) —In(1)
x—0 X

1
lim = In(1 + x)
x—0 X

= lim In[(1 + x)¥¥].
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The Number e Expressed as a Limit

But we know that /(1) =1, so

lim In[(1 + x)¥*] =1
x—0

lim eln[(1+)] — g1
x—0
lim (1 + x)/* = e.

x—0
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