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General Instructions
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Indefinite Integrals and the Substitution Method

As usual, you should read section 5.5 in the online textbook.

This slideshow will give an overview and an explanation of the
important concepts in the book.

This slideshow will also include a limited number of examples.

The main purpose of this slideshow is to give an extended
explanation and clarification of the material in the text.
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Indefinite Integrals and the Substitution Method
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Indefinite Integrals and the Substitution Method

Let’s recall the Chain Rule: If F is a differentiable function of u
and u is a differentiable function of x, then F is a differentiable

function of x and
dF  dF du

dx  dudx’
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Indefinite Integrals and the Substitution Method

Now, suppose f is a continuous function of v and F is an
antiderivative of f with respect to u. Then we have

OF _dFdu . du
dx  dudx Y dx’
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Indefinite Integrals and the Substitution Method

If we reverse this process by integration, we get

F(u(x)) = Z,Fdx—/f( )%dx

If we abuse the notation and write % dx as du, we get

Fu() = [ f(u)

where ‘ZIF f.
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Indefinite Integrals and the Substitution Method

du
/f(u(x)) o = / )l = 1=l 2 €,

dF — f.

where
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The Process of u-Substitution
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Indefinite Integrals and the Substitution Method

This process is called integration by u-substitution. Here's how
you do it:

Find something in the integrand whose derivative is also in the
integrand.

Let u be that something.
Compute % and abuse the notation.

Substitute u's and du into the integral in place of the x's and
dx.

Find the antiderivative.
@ Resubstitute to get the original antiderivative.
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Examples
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Example 1

Evaluate the antiderivative

/2X\/ x2 + 4 dx.

Notice that the derivative of x> + 4 is 2x. So, we let u = x% + 4.
Then, we take the derivative and abuse the notation.

@:2X

dx
du = 2x dx.
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Example 1

Now, substitute, evaluate the antiderivative, and resubstitute.

/2X\/X2+4dX:/\/X2+4’2XdX
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Example 2

Evaluate the antiderivative

/xsin(2x2) dx
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Example 2

Solution

Notice that the derivative of 2x? is 4x. We can fudge the 4 as long
as we have the x. So, we let u = 2x?. Then, we take the
derivative and abuse the notation.
du
dx
Now divide both sides by 4.

4x, du = 4xdx.

1
Zdu:xdx.

16/36



Example 2

Now, substitute, evaluate the antiderivative, and resubstitute.

xsin(2x?) dx = [ sin(2x?) - x dx
/ /

= /sin(u) : % du
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Example 3

Evaluate the antiderivative

/ 9x2 dx
V1—x3
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Example 3

Notice that the derivative of 1 — x3 is —3x%. We can fudge the —3
as long as we have the x?. So, we let u=1— x3. Then, we take
the derivative and abuse the notation.

du _
dx

—3x2,  du= —3x%dx.
Now multiply both sides by —3.

—3du = 9x° dx.
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Example 3

Now, substitute, evaluate the antiderivative, and resubstitute.

/ 9x2 dx _ —3du

V1—x3 Vu
:—3/u_1/2du
=-3.2412 4 C

= —6(1-x3)Y2+C

=-6v1-—x3+C.
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Example 4

Evaluate the antiderivative

/ tan? x sec? x dx.

Notice that the derivative of tan x is sec? x. So, we let u = tan x.
Then, we take the derivative and abuse the notation.

du

— —sec’x

dx
du = sec® x dx.
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Example 4

Now, substitute, evaluate the antiderivative, and resubstitute.

/tanzxseczxdx = /(tan x)? - sec? x dx

:/u2du

1
:§U3+C

I 3
=—t C.
3 an” x +
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Example 5

Evaluate the antiderivative

/(1+ I
Ty
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Example 5

Solution

Notice that the derivative of 1 + \/x = 1 + x%/2 is Ix~1/2 = 2\1f
We can fudge the 2. So, we let u =1+ /x. Then, we take the

derivative and abuse the notation.

du 1 1
— = — du = —— dx.
dx _ 2yx RN

Now, multiply both sides by 2:
2d 1 dx
u = — dx.
\/_

X
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Example 5

Now, substitute, evaluate the antiderivative, and resubstitute.

A+ vx)e 3. L g
/ d_/(1+\/_) N

VX

:/u1/3-2du
:2/u1/3du

3

= g(l +vx)*3 + C.
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Example 6

Evaluate the antiderivative
/ dx
1+4x2
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Example 6

Solution

Notice that 1745 = 1z and the derivative of 2x is 2, which
we can fudge. So, we let u = 2x. Then, we take the derivative and

abuse the notation.

d

d—z —2 du=2dx
Now, multiply both sides by %

1
Edu = dx.
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Example 6

Now, substitute, evaluate the antiderivative, and resubstitute.

/ dx _/ 1 d
1142 ) 1+ (22

1 1

—/madu
1 1

- d
2/1+u2 .
1

=5 arctan(u) + C
1

=5 arctan(2x) + C.

Notice this means you need to be able to recognize what is a

derivative. That means you have to know them!
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Example 7

Evaluate the antiderivative
/ dx
VBx + 8

We are going to work this problem two different ways to show you
there is not just one path to the solution.
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Example 7

Let u = 5x + 8. Then%:S, so du = 5 dx and%du:dx.

Now, substitute, evaluate the antiderivative, and resubstitute.
/ dx / 1 d
— = —— ax
/ox 18 \/w
- du
-/ 3

— / -1/2 du
5

1
:§'2U1/2+C

2
Zg\/5X+8+ C.
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Example 7

Solution

On the other hand, we can let u = +/5x + 8. Now, square both
sides to get u®> = 5x + 8. Now compute the derivative implicitly
and abuse the notation.

du
2u— =5
udx
2u du = 5 dx.

Now, divide by 5.
2
gU du = dx.
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Example 7

Now, substitute, evaluate the antiderivative, and resubstitute.

/ dx _/ 1 dx
v/bx + 8 N vbx + 8
/1 2
= [ —-=-udu
u 5
2
2
:§U+C

2
:g\/5X+8+C

Notice you get the same answer either way.
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Example 8

Evaluate the antiderivative

/sinxcosxdx.

We are going to work this problem two different ways and get two
different answers!
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Example 8

Let u =sinx. Then % = cos x, so du = cos x dXx.

Now, substitute, evaluate the antiderivative, and resubstitute.

/sinxcosxdx:/udu

1
:§U2+C
1

= §sm2x+ C.
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Example 8

Solution

On the other hand, we can let u = cos x, so du = — sin x dx.
Multiply by —1 to get —du = sin x dx.

Now, substitute, evaluate the antiderivative, and resubstitute.

/sinxcosxdx:/cosxsinxdx
:/u(—du):—/udu

1
= —§U2+ C

1
= —Ecos2x—|—C.

35/36



Example 8

Solution

1

Why did we get two answers: 5 sin?

x and —% cos® x 7
Notice that
1 . 2 1 2 1 . 2 2 1
—SIN“X — | —=cos” x | = —(sIn” x + cos” x) = =
2 ( 2 2( ) 2’
so these two answers differ by a constant—just as they must.

So, both answers are correct.
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