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Inverse Trigonometric Functions

@ As usual, you should read section 3.9 in the online textbook.

@ This slideshow will give an overview and an explanation of the
important concepts in the book.

@ This slideshow will also include a limited number of examples.

@ The main purpose of this slideshow is to give an extended explanation
and clarification of the material in the text.
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Recall the inverse sine function and the inverse cosine function.
Inverse Sine and Inverse Cosine
. . . s
y =sin"lx |fx:smyand—§§
<

y=cos 'x ifx=cosyandO0
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Now we introduce the other four inverse trigonometric functions.

The Other Inverse Trigonometric Functions
y=tan!xifx=tany and -5 <y <3
y=cot Ixif x=cotyandO<y<m
y=sec lxif x=secyand0<y<n
y =csc 1 x if x=cscy and —% <y< %

A word of caution here: Unlike sin™! x and cos! x, there is no general

agreement on how these functions are defined. These are the definitions we
will use.
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The Derivative of sin"! x

Let y = sin"! x. Then siny = x. Taking the derivative implicitly with
respect to x, we get

d—sin —d—x
dx y_dx
dy
> 1

cosydx
Q_ 1
dx cosy’

Since sin’ y + cos? y = 1 and siny = x, we have cos? y = 1 — x2. Since
the angle y is in the first or fourth quadrant, the cosine is positive, so
cosy = v/1— x2. This gives us

dy 1

dx V1—x2

William M. Faucette (UWG) Inverse Trigonometric Functions 6/13



The Derivative of tan~ ! x

Let y = tan~! x. Then tany = x. Taking the derivative implicitly with
respect to x, we get

tan —dx
dx y_dx
dy
2
9
sec”y—
dy 1
dx sec2y’

Since 1+ tan®y = sec® y and tany = x, we have sec’ y = 1+ x2. This
gives us

dy 1

dx 14 x2°
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The Derivative of sec ! x

Let y = sec™! x. Then secy = x. Taking the derivative implicitly with
respect to x, we get

5 Y = X
d
secytany—y =1
dx
dy 1
dx secytany’
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The Derivative of sec ! x

If y = sec™! x, then secy = x and, using the identity 1 + tan®y = sec?y,

we get tany = ++/sec2y — 1 = +v/x2 — 1.

Since y always lies in either the first or second quadrants, the product
secy tany is always positive. So,

dy 1
dx secytany
1

- Ix|[v/x2 =1
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Derivatives of the Other Three Inverse Trigonometric
Functions

To find the derivatives of the remaining three inverse trigonometric
functions, we use these trigonometric identities:

Inverse Trigonometric Identities

_ ™ .
Ccos 1x:——sm Ly
2
_ ™ _
cot lx=——tan 1x
2
_ ™ _
csC 1x=§—sec 1x.
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Derivatives of the Other Three Inverse Trigonometric
Functions

Using these identities, we get the derivatives of the cofunctions:

Derivatives of Inverse Cofunctions

1
&COS 1X:—ﬁ
d . 1
&cot X = 1—|—X2
d . 1
aCSC X ——|X|m.
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Derivatives of Inverse Trigonometric Functions
1 d 1
~ esinix=__- — cot —_
dx sin X = m dx co X 1+X2
1 d 1 1
—cos tx=— el =TT
d V1 —x2 dx Ix|[v/x2 —1
tan~! 1 d csc L x L
— X = - Se——
Ix 1+ x2 d Ix]v/x2 — 1
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Examples
—2x

m Vi
]2x+1|«/(2x+ 1)2 —
T 2x+ 1|,/(2x +1)2—

1 1 1

tan-1(x) 1+x2  tan—1(x)(1+x2)
d . 4 V2

e —sin “(x

1
d ﬁ):m'ﬁ:m

d 1,2
® . oS (x7) =

d
o sec 1(2x +1) =

d 1 B
° — In(tan™(x)) =
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