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Derivatives of Trigonometric Functions

@ As usual, you should read section 3.5 in the online textbook.

@ This slideshow will give an overview and an explanation of the
important concepts in the book.

@ This slideshow will also include a limited number of examples.

@ The main purpose of this slideshow is to give an extended explanation
and clarification of the material in the text.
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Derivative of the Sine Function

We recall the formulas from precalculus for sine and cosine of a sum:

sin(x + y) = sin(x) cos(y) + cos(x) sin(y)
cos(x + y) = cos(x) cos(y) — sin(x) sin(y)

We will use these to find the derivative of the sine function and the cosine
function.

William M. Faucette (UWG) Derivatives of Trigonometric Functions 4/29



Derivative of the Sine Function

Let f(x) = sinx. To compute the derivative of the sine function, we apply
the definition of the derivative:

sin(x + h) — sin(x)

dx sin(x) = ilylno h

— lim [sin(x) cos(h) + cos(x) sin(h)] — sin(x)
h—0 h

— lim sin(x) cos(h) — sin(x) + cos(x) sin(h)
h—0 h

o sin(x)(cos(h) — 1) + cos(x) sin(h)

= o h

. sin(x)(cos(h) —1) . cos(x)sin(h)

N fl[>n0 h + ilrino h
. . [cos(h)—1 . [sin(h)

= sin(x) fim, [h} + cos(x) fim [ p ] :

We need to compute the two limits that appear here.
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Derivative of the Sine Function

Consider the sketch in the figure below. We note that the area of AAOQ

is less than the area of the sector AOP which in turn is less than the area
of ABOP. This gives us the inequality on the right.

8

areaAAOQ < areaAOP < areaABOP

5 sin(h) cos(h) 2h 5 tan(h)

sin(h) cos(h) < h < 12((77))

Figure: Sketch for Limits
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Derivative of the Sine Function
For0 < h < 7, we have

sin(h) cos(h) < h <

< h < L

~ sin(h) ~ cos(h)
1 sin(h)

cos(h) = h

cos(h)

> cos(h).
For =5 < h <0, we have

sin(h) cos(h) < h <

> h > L

~ sin(h) ~ cos(h)
1 sin(h)

cos(h) = h

cos(h)

< cos(h).
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Derivative of the Sine Function

So, in either case,

sm/Sh) is between cos(h) and

Lt
os(h)’

. . . 1 1
Since ilrlno cos(h) = cos(0) =1 and illgno cos(h) ~ cos(0)

=1, by the
Sandwich Theorem, we have

lim M

=1.
h—0 h
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Derivative of the Sine Function

We use this to compute the other limit:

cos(h) —1 _ cos(h) —1 cos(h) +1
h h cos(h) +1
cos?(h) — 1
h(cos(h) + 1)
1 — cos?(h)
h(cos(h) + 1)
sin?(h)
h(cos(h) + 1)
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Derivative of the Sine Function

So,
i =L S
— iy [ 20 =0
= [ am 5] oy 1
-0 i) 1)
—(-1)-0=0.
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Derivative of the Sine Function

Returning to our original computation, we get

im [cos(h) -1
h—0

— sin(x) i
0) + cos(x)(1)

dx

sin

(x)
(x)

sin(x)(

cos(x).
This gives us

The Derivative of sin(x)

d .
. sin(x) = cos(x).

=2 oy

|
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Derivative of the Cosine Function

Let f(x) = cosx. To compute the derivative of the sine function, we apply
the definition of the derivative:

% cos(x) = ,Li_r?o cos(x + h/)7 — cos(x)
i [cos(x) cos(h) — sin(x)sin(h)] — cos(x)
~ o h
~lim cos(x) cos(h) — cos(x) — sin(x) sin(h)
h—0 h
— lim cos(x)(cos(h) — 1) — sin(x) sin(h)
h—0 h

= cos(x) fim, [Cos(hh)_l] — sin(x) Jim [Si"if”)]

—0
= cos(x)(0) — sin(x)(1)
= —sin(x).
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Derivative of the Cosine Function

This gives us
Derivatives of sin(x) and cos(x)

d

= sin(x) = cos(x)

d .
= cos(x) = —sin(x).

Derivatives of Trigonometric Functions
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Derivatives of the Other Trigonometric Functions

To compute the derivatives of the remaining trigonometric functions, we
use their definitions and the Quotient Rule.

Recall the definitions of the other four trigonometric functions:

~ sin(x) 1
tan(x) = cos(x) sec(x) = cos(x)

~ cos(x) csclx) — 1
COt(X) = sin(x) ( ) sin(x)
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Derivative of tan(x)

We compute the derivative of tan(x):

d _d [ sin(x)
dx tan(x) = dx (cos(x))
B % sin(x) - cos(x) — sin(x) - % cos(x)

cos?(x)

cos(x) - cos(x) — sin(x) - (—sin(x))
cos?(x)

_ cos?(x) + sin?(x) _ 1

cos?(x) cos?(x)

= sec?(x).
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Derivative of cot(x)

We compute the derivative of cot(x):

d d [ cos(x
dx cot(x) = dx (sin((x))>

9 cos(x) - sin(x) — cos(x) - & sin(x)

sin?(x)
—sin(x) - sin(x) — cos(x) - cos(x)
sin?(x)
_ —(sin?(x) + cos?(x)) _ -1
sin?(x) sin?(x)

= — csc?(x).
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Derivative of sec(x)

We compute the derivative of sec(x):

R )

_ %(1) - cos(x) — (l)% cos(x)

cos?(x)

_ (0) - cos(x) = (1)(=sin(x))

cos?(x)
sin(x)

cos?(x)
_ 1 sin(x)
cos(x) cos(x)
= sec(x) tan(x).
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Derivative of csc(x)

We compute the derivative of csc(x):

d d 1
o csc(x) = = <W>

_ %(1) -sin(x) — (1) % sin(x)

sin2(x)
_ (0) - sin(x) — (1)(cos(x))
sin?(x)
~ —cos(x)
sin?(x)

1 cos(x)

~ sin(x)  sin(x)
= — csc(x) cot(x).
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Summary of Derivatives of Trigonometric Functions

Derivatives of Trigonometric Functions
d . . d B 2
o sin(x) = cos(x) . cot(x) = — esc”(x)
d : d
™ cos(x) = —sin(x) ™ sec(x) = sec(x) tan(x)
d 5 d B
™ tan(x) = sec”(x) ™ csc(x) = — esc(x) cot(x) |

William M. Faucette (UWG) Derivatives of Trigonometric Functions 19 /29



Example 1

Example

Find % if y = x?cos x.

Solution
We use the Product Rule:

dy _ 2 2 d
v dX(x) cos x + x dx(cosx)

= 2xcosx + x?(—sin x)

2

= 2XCOS X — X“sin x.
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Example 2

Example
Cos X
Find % ify = ———.
N g 1Y 1-+sinx )
Solution

We use the Quotient Rule:

dy 2 (cosx)-(1+sinx)—cosx- 9 (1+sinx)
dx (1 + sin x)?
_ —sinx - (1+sinx) — cosx - cos x
(1 + sinx)?
_ —sinx — (sin? x + cos? x)
(1 +sinx)?
—sinx —1 14 sinx 1

(14+sinx)2 (I1+sinx)2  1+sinx
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Example 3

Example

Find % if y = x?cosx — 2xsinx — 2 cos x.

Solution
We compute:

d d
d—i = (x2 COS X — 2xsin X — 2cosx)
d d d
= — (x? cosx) — — (2xsin x) — — (2cos x)
= [2xcosx + x* (—sin x)] — [2sin x + 2x cos x] — 2(—sin x)
= —x%sinx.
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Example 4

Example

Find % if y = (secx + tan x)(sec x — tanx).

Solution
We compute

dy d
== &(secx + tanx) - (sec x — tan x)+

d
+ (secx +tanx) - d—(secx — tan x)
x

= (sec x tan x + sec® x) - (sec x — tan x)+
+ (secx + tan x) - (sec x tan x — sec? x)

= sec2 xXtanx — secxtan2 X + sec3x = seczxtan X+

+ sec2 xtanx — sec3x + secxtan2 X — sec2 X tan x
=0.
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Example 4

Example

Find % if y = (secx + tan x)(secx — tanx).

Solution

We could have saved ourselves a lot of work by remembering that
(sec x + tan x)(sec x — tan x) = sec? x — tan® x = 1.

So, the derivative of this is 0.
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Example 5

Example
Graph the curve

y =1+ cosx,
over the interval —37” < x < 27, together with the tangent lines at
x=—%and x = 37” Label the curve and tangent line with its equation.
Solution

. d
We first compute 3 :

% = —sinx
2(-5)=-n(5)-%

ﬂ3—7r——sin3—7r—1
dx \ 2 ) 2 ) 7
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Example 5

Solution

At x = —Z, the slope is ‘[ and the point is (—%, %) The equation of
that tangent line is

V3 ™
= (x+3).

At x = 3T, the slope is 1 and the point is (3F,1). The equation of that
tangent lme is

—l=x——.
y X ==

The sketch of the curve and the two tangent lines are on the next slide.
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Example 5

Solution

y=1+cosz

Figure: Sketch for Example 5
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Example 6
Example

Find all points on the curve y = tanx, —5 < x < 7. where the tangent

line is parallel to the line y = 2x. Sketch the curve and tangent(s)
together, labeling each with its equation.

Solution

The slope of the line y = 2x is 2, so we have to find all the values of x for
% tan x = sec® x equals 2. We solve

sec?x =2
secx = V2
1 V2
COSX = — = —
V2 o2
™
X =+—.
4
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Example 6

Solution

y =tanzx

z/+l:2<:r+%)

Figure: Sketch for Example 6
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