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Consider the set
{teR|t* <2}

The set t is bounded above. Let a be the least upper bound of T'.
Think. If a® < 2, we want a number « + 1/n so that

(a+1/n)% < 2.

This means a + 1/n € T which is a contradiction.
So, we want
o +2a/n+ (1/n)* < 2

We know that (1/n)? < 1/n, so if we make
o® +2a/n+1/n <2,
we will have
o +2a/n+ (1/n)? < a® +2a/n+1/n < 2
So, we want
o +2a/n+1/n <2
(2a+1)/n<2—a?
1/n < (2—a%)/(2a+1).
So, choose
1_2- o?
n o 2a+1




Think. If a® > 2, we want a number o — 1/n so that

(a—1/n)? > 2.

This means there is no number in 7" between o« — 1/n and «, which is a contradiction.

So, we want
o —2a/n+ (1/n)? > 2

We know that a? — 2a/n + (1/n)? > a? — 2a/n, so if we make
o —2a/n > 2,
we will have
o? —2a/n+ (1/n)? < a® —2a/n > 2

So, we want

o® —2a/n > 2
o® —2>2a/n
1/n < (@® —2)/(2a).

So, choose
1 a%2-2

n 2

Proof. Suppose o > 2. Choose n € N so that

1 a?—2
n 200
Then

2a 1

—1/n)2=a2- =
(a /n) « n+n2

2

Sa2- 2

n
>a? —(a® —2) =2,

Hence, « —1/n ¢ T, so there is no number § with a—1/n < § < ain T. This says a—1/n

is an upper bound for 7', a contradiction.
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