Research Overview
BACKGROUND MATERIAL
COHOMOLOGY AND HARMONIC DIFFERENTIAL FORMS

Let X beasmooth projective algebraiccurve of genusg over the complex numbers.

Consideringthe algebraiccurve X asa two-dimensionakeal differentiablemanifold,
let T(X) and T*(X) be the real tangentand cotangentbundlesto X, respectiely. Let
T(X)e = T(X) @ T andT*(X), = T*(X) ®r T denotethe compleified tangentand
cotangentbundles. Let & (X) be the global sectionsof the r'" exterior power of the
compl«ified cotangenbundle,sothat

€ (X) = &(X, A" T*(X)0).

Since X carriesa comple« manifold structure,thereis an almostcomple« manifold
structureontheunderlyingrealmanifold,andhenceacomple structureJ ontherealvector
bundlesT (X) and T*(X). We canextendthis comple structureby comple linearity to
bundlemaps

J: T(X)e = T(X)e

and

J:T*"(X)e = T*(X)¢ .
SinceJ? = —1, wherel is theidentity mapon eachtangentspacel hastwo eigenspaces
correspondingo the eigevaluesi and —i. Denotetheseeigenspaceby T (X):° and

T(X)%1, respectiely. Then
T(X)e =T & TOO,

and,takingduals,
T*(X)e = T* OO @ T*(X),

This decompositiorpravidesa decompositiorof thebundle A" T*(X)¢ givenby
/\rT*(X)C — @p+q:r APd T*(X),
whereAPaT*(X) is the subspacef A" T*(X). generatedy elementsof theformu A v

with u € APT*(X)L0 andv e AIT*(X)O1.
If we now take globalsectionsof thesebundles we get

¢ (X) = @p+q:r @p,C](X)’
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where@P4(X) is thegroupof globalsectionof thebundle AP-9T*(X). Thevectorspace
& (X) isthespaceof degreer differentialformson X andthevectorspace&P%(X) is the
spaceof degree(p, q) differentialformson X.

We now introducetwo differentialcomplexes

0— &°X) S & x) S €2 2 &) S ...
0 €00(x) 5 Ch(x) L g02(x) > g0I(x) > ...,
which give riseto the DeRhamcohomologygroups,

kel @ (X) > & +1(X)]

H'(X) = g
imagd & —1(X) = & (X)]

andthe Dolbeaultcohomologygroups,

ke €P9(X)) > EPI+L(X)

HPA9(X) = -
imagd &r.9-1(X) Y ¢r.a]

on X. We notethatd anda descendo thesecohomologygroups:

d: H' (X) > H"(X)
9 HPA(X) — HPIT(X) .

Wenotethat,asaprojectivealgebraicurve, X admitsanembeddingnto someprojective
spaceP”. Let h bethe Fubini-Studymetricon B". Then

h: T x T(P") - C

is asesquilineamositive definite form. Restrictingthis metricto X providesthealgebraic
curve with a naturalstructureasa Riemanniarmanifold. With respecto his metric, we
canletd* andd” denotetheadjointoperatorgo d andd, respectiely.

We défine the Laplacianof d, denoteda, andthe Laplacianof 3, denotedd, to be

A =dd* +d*d; A E (X)) —> & (X
O0=99 +9 0; O: ¢P9(X) —> &P9(X),

Wedefineharmonicr -formsandharmonic (p, q)-formsto bethekernelsof thesgwo maps:

H(X) =kera: ¢ (X) —> & (X)
HPIX) = kerO: ¢P4(X) - &P9(X).
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Thefollowing is adeepresultdueto W. V. D. Hodge:

H (X, ©) = 9 (X)
HPA(X, T) = HPI(X).

So, ratherthan working with equivalenceclassesof closeddifferential forms, we may
restrict our attentionto harmonicforms. Henceforth,we will identify the cohomology
groupswith thegroupsof harmonicforms.

If we take one-halftheimaginarypart of the metric h restrictedto X, we geta skew-
Hermitianbilinearformon T (X) x T (X)—adifferential2-form—on X, whichwe denote
by Q. SinceX is areal2-dimensionamanifold, 2 is aclosed2-form,soh endavs X with
the structureof a Kahlermanifold,i.e. onein which the fundamentaR-form € is closed.
(In fact, Q is alwaysclosedfor any smoothcomplex projective variety, but we won't need
thatresult.) With this, we obtainthefollowing result,theHodgeDecompositionrheorem:

THEOREM 1. Let X beacompact Kéahler manifold. Thenthereisadirect sumdecomposition

H'(X,©) = > HP(X),

p+a=r

and, moreover,
HPY(X) = HP(X).

Further sincethefundamental-form 2 is aclosed(1, 1)-form, we candefine functions

L: H (X) > H™(X)
L: HPY(X) — HPTLIHL(X)

by
LO)=6An%Q,
andtheir adjoints

L*: H"(X) - H"%(X)
L*: HPO(X) — HPLa7(X)

with respecto themetrich. We defineaharmonia -form (respectrely, aharmonic(p, q)-
form)tobeprimitiveif it liesin thekernelofthemapL*: H' (X) — H'~2(X) (respectiely,
themapL*: HP9(X) — HP~La-1(X)). Let H{(X) (respectiely HJ*%(X)) bethegroup
of primitive differentialr -forms (respectrely, primitive differential (p, q)-forms).
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We cannow statethe Lefschetzdecompositiotheorem:

THEOREM 2. Let X be acompact Kéhler manifold. Then there are direct sum decomposi-
tions
H'(X.©) = Y LSHI2(X),
s>(r—n)y*
and
HPAX.©) = Y LSHESI75(X),
s>(p+gq—n)*

So,atleastin somesensewe canlimit our attentionto primitive differentialforms.
THE ABEL-JAacOBI MAP AND ABEL'S THEOREM

Let pandg bepointson X andlet y beasmoothpathfrom p toq. Thenwecanintegrate
areal harmonicl-form 6 over y from p to g. Unfortunately this resultdependson the
pathy, sincechoosinga differentpathwill producea resultwhich differs from the first
valueby theintegral of 6 over a closedpath. So,we maycomputetheintegral of 6 over y
modulothevaluesof integralsof 6 overclosedpaths.Sinceeveryrealharmonicl-formcan
be written uniquelyasthe sumof a holomorphicl-form andanantiholomorphicl-form,
andsincethe periodsof antiholomorphicl-formsare obtainedeasilyfrom the periodsof
holomorphicl-formsby comple« conjugation, we seethatit is sufficient to restrictour
attentionto integrals of holomorphicl-formsw alonga pathy, moduloperiodsof w on
setof closedpathswhich form a homologybasisfor X. This givesthe following natural
construction.

The Jacobian] = J(X) is ddfinedasthe comple vectorspaceof linearfunctionalson
holomophicl-formson X modulothoselinearfunctionalswhich ariseby integrationover
closedpathson X. Thatis,

J = HYO(X)*/Hi(X, &).

Following the ideaspresentedn the precedingparagraphwe choosea basepointp € X
andthenconstructa naturalmap,calledthe Abel-Jacobimap,defined by:

a: X —> J(X)

q
«(q) = thelinearfunctionalon H*°(X) givenby 6 / 6.
p

Now let X denotethe Cartesiarproductof X with itself k times. Thereis a natural
actionof thesymmetricgroup S, on XK givenby permutingthecoordinatesn eachk-tuple
in XX. We define the k™" symmetricproductof X, denotedXy, to be the quotientof XX
by this actionof S.. Thevariety XX is a naturalparametespacefor effective divisors of
degreek on X.



We may extendthe Abel-Jacobimapto Xy by defining ax(Xy, .. ., Xk) to bethelinear
functionalon holomorphicl-formsdefined by

k Xi
or [0
i=1YPp

moduloperiods. Theimageof this mapis denotedW in theliterature. If we extendthis
mapadditively to all divisors(effective or not) andthenrestrictto divisorsof degreezero,
denotediv®(X), we caneliminatethedependencenthebasepoinp. Let K*(X) denote
the field of meromorphicfunctionson X. A classicalresultin algebraiccurve theoryis
Abel's Theorem:

THEOREM 3 (ABEL-JACOBI). The homomorphism sequence
K*(X) 2 DivO(X) % J(X) = 0

is exact (where the mapping “( )" denotes taking the divisor of a meromorphic function in
K*(X)). Further, if define the Picard variety, Pic(X), by

Pic(X) = DivP(X)/imagd ),

then the following diagram commutes:
O

K*(X) —2—Div0(X) —4 J(X) ———0

>

Pic(X)

In otherwords,the Abel-Jacobimapcompletelydeterminesvhethera divisor of degree
zerois the divisor of a meromorphidunctionon X, or, equivalently, the Abel-Jacobimap
completelydeterminesvhentwo divisorsarelinearly equivalent. Sincethe Picardgroup
is thegroupof isomorphisntlasse®f invertibleline bundles thistheoremalsoshavs that
J(X) is thenaturalparametespaceor thegroupof isomorphisntlasse®f invertibleline
bundleson X.

The higherdimensionalanalogof the Jacobiaris the intermediate Jacobian. For ary
KahlermanifoldV, theintermediatelacobiarof V is defined by

JOV) = (HXOV) @ HEHV) @ -+ @ HEYR (V) T Hok 1 (V. B)

wherewe useHO”'q(V) to denotethe groupof primitive (p, q)-homologyclassesFor ary
algebraick-cycle homologoudo zero, its imagein theintermediateJacobiaris thelinear
functional given by integrating primitive harmonic(2k + 1)-forms over a chain whose
boundaryis thatk-cycle.



MY RESEARCH

Onceagain, take the symmetricproductX* of a smooth projective, algebraiccurve, X.
Let X, denotehek™ symmetrigoroductof X anddefineay andW asabove. Beingagroup,
theJacobian] (X) is equippedvith a canonicalinvolution givenby takingary elementof
J(X) toitsinverse.Let W, betheimageof W underthismap. Thenthealgebraidk-cycle
Wi — W, is homologouso zeroin J(X). In 1983, Ceresgproved that W, andW, are
algebraicallyinequivalentfor a generic Riemannsurface X for 1 < k < g — 2. Whereas
thisresultshovsthatW, andW,~ aregenericallyalgebraicallyinequivalent,it doesnotgive
aconstructve way of determiningvhetherthey arealgebraicallyequivalentor inequivalent
for agivencurve X. Whatwe needhereis an Abel-Jacobtypeclassficationresult.

In 1983,BrunoHarrismadethefollowing constructionLet6y, ... , 65 beabasisfor the
realharmonicone-formson X with integral periods.Chooseabasepoinp € X anddefine
amap

i X > T3

X X X
h(x) = (/ 91,/ 92,/ 93> moduloZ2.
p p p

By imposingthe conditionthat [, 6, A 6; = Ofor 1 <i < j < 3, we areassuredhat
theimageJ; X in T3, asa singular2-gycle, is the boundaryof some3-chain,Cs, which is
uniquemodulo3-cycles. We ddfine the harmonicvolumeof 61, 6,, 63 to betheintegral

by

dx1 A dXo A dXs,
Cs
where J;(dx;) = 6;. Thevalueof harmonicvolumeis relatedto the value of the image
of Wy — W, in theintermediateJacobian,] (X), sothatharmonicvolumemay be usedto
determinewhetherW; is algebraicallyequivalentto W, . BrunoHarris usesthis resultto
shav thatthe Fermatcurve of genughreeis a specfic exampleof a curve X whoseimage
Wi in its Jacobiaris algebraicallyinequivalentto W .

It is clearthat harmonicvolume necessarilwanishesf X is a hyperelliptic Riemann
surface. It is conjecturedhatif theharmonicvolumemapis identicallyzeroonaRiemann
surface X, the X is hyperelliptic. A resultby M. Pultein this direction shavs that if
the harmonicvolumevanishegheremustexist on X adistinguishedg — 1)% root of the
canonicaldivisor (whichis truefor every hyperelliptic curve sincethe canonicalivisor is
the (g — )™ power of theuniqueg; on X).

Thegoal of my researchs to generalizeBrunoHarris’ work to k > 2, andto find some
parametespaceanalogougo the Jacobian] (X) or theintermediatelacobiar{(V) which
will classifyalgebraiccyclesupto algebraicequivalence.Thusfar, | have. ..

(1) For a decomposablentegral p-form, 6, A ... 0,, with each6;, harmonic,| have
definedthemap
J: Xy —> TP
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for1<e¢< |1

(2) | have determinedwhat conditionsmust be imposedon decomposableintegral
p-formséy A . . . 6, with eachp; harmonicjn orderto insurethattheimageJ, (X,).

(3) | have defined £-good p-formsto bethe subgroupof HP(J, Z) generatedby these
forms

(4) | havefoundthatadecomposablg-formis ¢-goodif andonlyif it liesin thekernel
of themapL9~P*+1, whereL isthemapL: HP(X) — EP*2(X) givenby taking
thewedgeproductwith the fundamental-form Q. In particular for p = 1, good
formscoincidewith the primitive forms studiedby BrunoHarris

(5) | have constructeda new intermediatelJacobianthe HarrisintermediateJacobian,
givenbytakinggoodformsmodulotheirperiods.Thisintermediatedacobiariffers
from theordinary(or Griffiths) intermediatelacobiann thatit takesa quotientof a
differentpartof the Hodgedecompositiorof H" (X).

(6) | have shawvn that harmonicvolume canbe computedas an iteratedintegral and
have a publisheda paperon this subjectgiving a concreteexample.

(7) | have shawvn thatharmonicvolumevanishesdentically on holomorphicp-forms
if p>3.

(8) | have shawvn that harmonicvolume vanishesidentically on primitive forms for
k > 2, sothatthe valuesof harmonicvolumeon primitive forms do not suffice to
determinealgebraicequivalence.Onemustconsidethelargerclassof goodforms.

Thenext goalof my researclis to answerthe following questions:

(1) Whatis the zerosetof harmonicvolume? Thatis, if harmonicis identically zero
on Wy — W, is W algebraicallyequivalentto W ?

(2) How doesharmonicvolumevarywith moduli? Thatis, asthecomplex structureon
X varies,how doesharmonicvolumevary?

(3) I needto make adetailedstudyof theHarrisIntermediatelacobian For instanceit
is known thatthe Griffiths Intermediatelacobians notanalgebraicvariety (thatis,
it doesnotadmitanembeddingnto projective space) DoestheHarrisIintermediate
Jacobiaradmitanembeddingnto projective space?

(4) DoestheHarrisIntermediatedacobiaradmitapositive holomorphidine bundle?If
s0,by Kodairas Projective Embeddingrheoremthe Harris Intermediatelacobian
can be embeddedn projective spaceand, by Chown’s Theorem,is an algebraic

variety.



