
           

Research Overview

BACKGROUND MATERIAL

COHOMOLOGY AND HARMONIC DIFFERENTIAL FORMS

Let X beasmooth,projectivealgebraiccurveof genusg over thecomplex numbers.
Consideringthe algebraiccurve X asa two-dimensionalreal differentiablemanifold,

let T (X) and T ∗(X) be the real tangentandcotangentbundlesto X , respectively. Let
T (X)c = T (X) ⊗� � andT ∗(X)c = T ∗(X) ⊗ � � denotethe complexified tangentand
cotangentbundles. Let � r (X) be the global sectionsof the r th exterior power of the
complexifiedcotangentbundle,sothat

� r (X) = � (X,∧r T ∗(X)c).

Since X carriesa complex manifold structure,there is an almostcomplex manifold
structureontheunderlyingrealmanifold,andhenceacomplex structureJ ontherealvector
bundlesT (X) andT ∗(X). We canextendthis complex structureby complex linearity to
bundlemaps

J : T (X)c → T (X)c

and
J : T ∗(X)c → T ∗(X)c .

SinceJ 2 = −I , whereI is theidentity mapon eachtangentspaceJ hastwo eigenspaces
correspondingto the eigenvaluesi and−i . Denotetheseeigenspacesby T (X)1,0 and
T (X)0,1, respectively. Then

T (X)c = T (X)1,0 ⊕ T (X)0,1,

and,takingduals,
T ∗(X)c = T ∗(X)1,0 ⊕ T ∗(X)0,1,

Thisdecompositionprovidesadecompositionof thebundle∧r T ∗(X)c givenby

∧r T ∗(X)c = ⊕p+q=r ∧p,q T ∗(X),

where∧p,q T ∗(X) is thesubspaceof ∧r T ∗(X)c generatedby elementsof the form u ∧ v
with u ∈ ∧pT ∗(X)1,0 andv ∈ ∧q T ∗(X)0,1.

If wenow takeglobalsectionsof thesebundles,weget

� r (X) = ⊕p+q=r � p,q(X),
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where � p,q(X) is thegroupof globalsectionsof thebundle∧p,q T ∗(X). Thevectorspace
� r (X) is thespaceof degreer differentialformson X andthevectorspace� p,q(X) is the
spaceof degree(p, q) differentialformson X .

Wenow introducetwo differentialcomplexes

0→ � 0(X)
d−→ � 1(X)

d−→ � 2(X)
d−→ � 3(X)

d−→ . . .

0→ � (0,0)(X) ∂−→ � (0,1)(X) ∂−→ � (0,2)(X) ∂−→ � (0,3)(X) ∂−→ . . . ,

whichgive riseto theDeRhamcohomologygroups,

H r (X) = ker[ � r (X)
d−→ � r+1(X)]

image[ � r−1(X)
d−→ � r (X)]

andtheDolbeaultcohomologygroups,

H p,q(X) = ker[ � p,q(X))
∂−→ � p,q+1(X)

image[ � p,q−1(X)
∂−→ � p,q ]

on X . Wenotethatd and∂ descendto thesecohomologygroups:

d : H r (X)→ H r+1(X)

∂ : H p,q(X)→ H p,q+1(X) .

Wenotethat,asaprojectivealgebraiccurve,X admitsanembeddingintosomeprojective
space� n. Let h betheFubini-Studymetricon � n. Then

h : T ( � n)× T ( � n)→ �

is asesquilinear, positivedefinite form. Restrictingthismetricto X providesthealgebraic
curve with a naturalstructureasa Riemannianmanifold. With respectto his metric,we
canlet d∗ and∂

∗
denotetheadjointoperatorsto d and∂, respectively.

Wedefine theLaplacianof d, denoted4, andtheLaplacianof ∂, denoted� , to be

4 = d d∗ + d∗d; 4 : � r (X)→ � r (X)

� = ∂ ∂∗ + ∂∗∂; � : � p,q(X)→ � p,q(X),

Wedefineharmonic r-forms andharmonic (p, q)-forms tobethekernelsof thesetwomaps:

� r (X) = ker4 : � r (X)→ � r (X)
� p,q(X) = ker � : � p,q(X)→ � p,q(X) .
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Thefollowing is adeepresultdueto W. V. D. Hodge:

H r (X, � ) ∼= 	 r (X)

H p,q(X, � ) ∼= 	 p,q(X).

So, rather than working with equivalenceclassesof closeddifferential forms, we may
restrict our attentionto harmonicforms. Henceforth,we will identify the cohomology
groupswith thegroupsof harmonicforms.

If we take one-halfthe imaginarypart of the metric h restrictedto X , we get a skew-
Hermitianbilinearform on T (X)× T (X)—adifferential2-form—on X , whichwedenote
byÄ. SinceX is areal2-dimensionalmanifold,Ä is aclosed2-form,soh endows X with
thestructureof a Kählermanifold,i.e. onein which thefundamental2-formÄ is closed.
(In fact,Ä is alwaysclosedfor any smoothcomplex projective variety, but we won’t need
thatresult.)With this,weobtainthefollowing result,theHodgeDecompositionTheorem:

THEOREM 1. Let X be a compact Kähler manifold. Then there is a direct sum decomposition

H r (X, � ) =
∑

p+q=r

H p,q(X),

and, moreover,

H
p,q
(X) = H q,p(X).

Further, sincethefundamental2-formÄ is aclosed(1,1)-form, wecandefinefunctions

L : H r (X)→ H r+2(X)

L : H p,q(X)→ H p+1,q+1(X)

by

L(θ) = θ ∧Ä,

andtheir adjoints

L∗ : H r (X)→ H r−2(X)

L∗ : H p,q(X)→ H p−1,q−1(X)

with respectto themetrich. Wedefineaharmonicr -form (respectively, aharmonic(p, q)-
form)tobeprimitive if it liesin thekernelof themapL∗ : H r (X)→ H r−2(X) (respectively,
themapL∗ : H p,q(X)→ H p−1,q−1(X)). Let H r

0 (X) (respectively H p,q
0 (X)) bethegroup

of primitivedifferentialr -forms(respectively, primitivedifferential(p, q)-forms).
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Wecannow statetheLefschetzdecompositiontheorem:

THEOREM 2. Let X be a compact Kähler manifold. Then there are direct sum decomposi-
tions

H r (X, 
 ) =
∑

s≥(r−n)+
Ls H r−2s

0 (X),

and
H p,q(X, 
 ) =

∑

s≥(p+q−n)+
Ls H p−s,q−s

0 (X),

So,at leastin somesense,wecanlimit ourattentionto primitivedifferentialforms.

THE ABEL-JACOBI MAP AND ABEL’S THEOREM

Let p andq bepointson X andletγ beasmoothpathfrom p toq. Thenwecanintegrate
a real harmonic1-form θ over γ from p to q. Unfortunately, this resultdependson the
pathγ , sincechoosinga differentpathwill producea resultwhich differs from the first
valueby theintegralof θ overaclosedpath.So,wemaycomputetheintegralof θ overγ
modulothevaluesof integralsof θ overclosedpaths.Sinceeveryrealharmonic1-formcan
bewritten uniquelyasthesumof a holomorphic1-form andanantiholomorphic1-form,
andsincetheperiodsof antiholomorphic1-formsareobtainedeasilyfrom theperiodsof
holomorphic1-formsby complex conjugation, we seethat it is sufficient to restrictour
attentionto integralsof holomorphic1-formsω alonga pathγ , moduloperiodsof ω on
setof closedpathswhich form a homologybasisfor X . This givesthe following natural
construction.

TheJacobianJ = J (X) is definedasthecomplex vectorspaceof linearfunctionalson
holomophic1-formson X modulothoselinearfunctionalswhichariseby integrationover
closedpathson X . Thatis,

J = H 1,0(X)∗/H1(X, � ).

Following the ideaspresentedin theprecedingparagraph,we choosea basepointp ∈ X
andthenconstructanaturalmap,calledtheAbel-Jacobimap,definedby:

α : X → J (X)

α(q) = thelinearfunctionalon H 1,0(X) givenby θ 7→
∫ q

p
θ.

Now let X k denotethe Cartesianproductof X with itself k times. Thereis a natural
actionof thesymmetricgroupSk on X k givenby permutingthecoordinatesin eachk-tuple
in X k . We define the k th symmetricproductof X , denotedXk , to be the quotientof X k

by this actionof Sk . Thevariety X k is a naturalparameterspacefor effective divisorsof
degreek on X .
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We mayextendtheAbel-Jacobimapto Xk by defining αk(x1, . . . , xk) to be the linear
functionalonholomorphic1-formsdefinedby

ω 7→
k∑

i=1

∫ xi

p
ω

moduloperiods.Theimageof this mapis denotedWk in the literature. If we extendthis
mapadditively to all divisors(effective or not) andthenrestrictto divisorsof degreezero,
denotedDiv0(X), wecaneliminatethedependenceonthebasepointp. Let K ∗(X) denote
the field of meromorphicfunctionson X . A classicalresult in algebraiccurve theoryis
Abel’s Theorem:

THEOREM 3 (ABEL-JACOBI). The homomorphism sequence

K ∗(X)
( )−→ Div0(X)

u−→ J (X)→ 0

is exact (where the mapping “( )” denotes taking the divisor of a meromorphic function in
K ∗(X)). Further, if define the Picard variety, Pic(X), by

Pic(X) = Div0(X)/ image( ),

then the following diagram commutes:

K ∗(X) �( )
Div0(X) �u



q

J (X) � 0

Pic(X)

� � � � �

In otherwords,theAbel-Jacobimapcompletelydetermineswhetheradivisorof degree
zerois thedivisor of a meromorphicfunctionon X , or, equivalently, theAbel-Jacobimap
completelydetermineswhentwo divisorsarelinearly equivalent. SincethePicardgroup
is thegroupof isomorphismclassesof invertibleline bundles,this theoremalsoshowsthat
J (X) is thenaturalparameterspacefor thegroupof isomorphismclassesof invertibleline
bundleson X .

The higherdimensionalanalogof the Jacobianis the intermediate Jacobian. For any
KählermanifoldV , theintermediateJacobianof V is definedby

�
(V ) = (H 2k+1,0

0 (V )⊕ H 2k,1
0 (V )⊕ · · · ⊕ H k+1,k

0 (V ))∗/H2k+1(V, � )

whereweuseH p,q
0 (V ) to denotethegroupof primitive (p, q)-homologyclasses.For any

algebraick-cycle homologousto zero,its imagein the intermediateJacobianis the linear
functional given by integrating primitive harmonic(2k + 1)-forms over a chain whose
boundaryis thatk-cycle.
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MY RESEARCH

Onceagain, take thesymmetricproductX k of a smooth,projective,algebraiccurve, X .
Let Xk denotethek th symmetricproductof X anddefineαk andWk asabove. Beingagroup,
theJacobianJ (X) is equippedwith a canonicalinvolution givenby takingany elementof
J (X) to its inverse.Let W−k betheimageof Wk underthismap.Thenthealgebraick-cycle
Wk − W−k is homologousto zeroin J (X). In 1983,Ceresaproved that Wk andW−k are
algebraicallyinequivalentfor a generic RiemannsurfaceX for 1 ≤ k ≤ g − 2. Whereas
thisresultshowsthatWk andW−k aregenericallyalgebraicallyinequivalent,it doesnotgive
aconstructivewayof determiningwhetherthey arealgebraicallyequivalentor inequivalent
for agivencurve X . Whatweneedhereis anAbel-Jacobitypeclassificationresult.

In 1983,BrunoHarrismadethefollowing construction.Let θ1, . . . , θg beabasisfor the
realharmonicone-formson X with integralperiods.Chooseabasepointp ∈ X anddefine
amap

J1 : X → T 3

by

J1(x) =
(∫ x

p
θ1,

∫ x

p
θ2,

∫ x

p
θ3

)
modulo � 3.

By imposingthe conditionthat
∫

X θi ∧ θj = 0 for 1 ≤ i < j ≤ 3, we areassuredthat
theimageJ1 X in T 3, asa singular2-cycle, is theboundaryof some3-chain,C3, which is
uniquemodulo3-cycles.Wedefine theharmonicvolumeof θ1, θ2, θ3 to betheintegral

∫

C3

dx1 ∧ dx2 ∧ dx3,

whereJ ∗1 (dxi ) = θi . Thevalueof harmonicvolumeis relatedto thevalueof the image
of W1 −W−1 in theintermediateJacobian,J (X), sothatharmonicvolumemaybeusedto
determinewhetherW1 is algebraicallyequivalentto W−1 . BrunoHarrisusesthis resultto
show thattheFermatcurveof genusthreeis aspecific exampleof acurve X whoseimage
W1 in its Jacobianis algebraicallyinequivalentto W−1 .

It is clear that harmonicvolumenecessarilyvanishesif X is a hyperelliptic Riemann
surface.It is conjecturedthatif theharmonicvolumemapis identicallyzeroonaRiemann
surface X , the X is hyperelliptic. A result by M. Pulte in this direction shows that if
theharmonicvolumevanishestheremustexist on X a distinguished(g − 1)st root of the
canonicaldivisor (which is truefor every hyperellipticcurve sincethecanonicaldivisor is
the(g − 1)st powerof theuniqueg1

2 on X ).
Thegoalof my researchis to generalizeBrunoHarris’ work to k ≥ 2, andto find some

parameterspaceanalogousto theJacobianJ (X) or theintermediateJacobian� (V ) which
will classifyalgebraiccyclesup to algebraicequivalence.Thusfar, I have . . .

(1) For a decomposable,integral p-form, θ1 ∧ . . . θp, with eachθi harmonic,I have
definedthemap

J` : X`→ T p
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for 1≤ ` ≤
[

p−1
2

]
.

(2) I have determinedwhat conditionsmust be imposedon decomposable,integral
p-formsθ1∧ . . . θp, with eachθi harmonic,in orderto insurethattheimageJ`(X`).

(3) I have defined`-good p-formsto bethesubgroupof H p(J, � ) generatedby these
forms

(4) I havefoundthatadecomposablep-form is `-goodif andonly if it liesin thekernel
of themap Lg−p+1, whereL is themap L : H p(X) → E p+2(X) givenby taking
thewedgeproductwith thefundamental2-formÄ. In particular, for p = 1, good
formscoincidewith theprimitive formsstudiedby BrunoHarris

(5) I have constructeda new intermediateJacobian,theHarris intermediateJacobian,
givenbytakinggoodformsmodulotheirperiods.ThisintermediateJacobiandiffers
from theordinary(or Griffiths) intermediateJacobianin thatit takesaquotientof a
differentpartof theHodgedecompositionof H r (X).

(6) I have shown that harmonicvolumecanbe computedasan iteratedintegral and
haveapublishedapaperon this subjectgiving aconcreteexample.

(7) I have shown thatharmonicvolumevanishesidenticallyon holomorphicp-forms
if p ≥ 3.

(8) I have shown that harmonicvolume vanishesidentically on primitive forms for
k ≥ 2, sothat thevaluesof harmonicvolumeon primitive formsdo not suffice to
determinealgebraicequivalence.Onemustconsiderthelargerclassof goodforms.

Thenext goalof my researchis to answerthefollowing questions:

(1) What is thezerosetof harmonicvolume? That is, if harmonicis identicallyzero
on Wk −W−k , is Wk algebraicallyequivalentto Wk?

(2) How doesharmonicvolumevarywith moduli?Thatis, asthecomplex structureon
X varies,how doesharmonicvolumevary?

(3) I needto makeadetailedstudyof theHarrisIntermediateJacobian.For instance,it
is known thattheGriffiths IntermediateJacobianis notanalgebraicvariety(thatis,
it doesnotadmitanembeddinginto projectivespace).DoestheHarrisIntermediate
Jacobianadmitanembeddinginto projectivespace?

(4) DoestheHarrisIntermediateJacobianadmitapositiveholomorphicline bundle?If
so,by Kodaira’sProjectiveEmbeddingTheorem,theHarrisIntermediateJacobian
can be embeddedin projective spaceand, by Chow’s Theorem,is an algebraic
variety.
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